
P R O P A G A T I O N  O F  P E R T U R B A T I O N S  IN A L I Q U I D  

C O N T A I N I N G  G A S  B U B B L E S  

V .  K .  K e d r i n s k i i  

One of the mode l s  of a bubb le -con ta in ing  m e d i u m  ( Io rda nsk i i ' s  s y s t e m  of equat ions  of motion),  b a s e d  
on l iquid  mot ion  " a v e r a g e d "  on the a s sumpt ion  that  bubble  pu l sa t ion  c o n f o r m s  to the Lamb equation,  is  in -  
v e s t i g a t e d .  

Solution of I o r d a n s k i i ' s  l i n e a r i z e d  s y s t e m  g ives  a r e l a t i o n s h i p  be tween the phase  ve loc i ty  of sound 
and the p l a n e - w a v e  f requency .  An eva lua t ion  of th is  r e l a t i onsh ip  for  a p a r t i c u l a r  bubble  s ize  d i s t r i bu t i on  
a g r e e s  with known e x p e r i m e n t a l  r e s u l t s .  

If the l iquid component  of the med ium is i n c o m p r e s s i b l e ,  I o r d a n s k i i ' s  s y s t e m  for  bubbles  of one kind 
r e d u c e s  a p p r o x i m a t e l y  to a s y s t e m  of two s e c o n d - o r d e r  p a r t i a l  d i f f e ren t i a l  equat ions  fo r  the  p r e s s u r e  and 
concen t ra t ion  of gas  in the  med ium.  A solu t ion  of th i s  s y s t e m  is  found. F o r  p a r t i c u l a r  r e l a t i v e  va lues  of 
the p a r a m e t e r s  of the  m e d i u m  (length, gas  concen t ra t ion ,  and bubble  s ize)  the  p r o c e s s e s  of p e r t u r b a t i o n  
p ropaga t ion  in bubb le - con ta in ing  m e d i a  a r e  s i m i l a r ~  The s i m i l a r i t y  c r i t e r i o n  is  found f rom the s y s t e m  
solu t ion  and is c o n f i r m e d  e x p e r i m e n t a l l y .  

All  the known t h e o r e t i c a l  works  devoted to the c o n s i d e r e d  ques t ion  can be d iv ided  into two a p p r o a c h e s ,  
each of which has  i ts  own model  of a bubb le -con ta in ing  me d ium.  Both a p p r o a c h e s  a r e  b a s e d  on the " a v e r -  
aged"  mot ion  of the l iquid conta ining gas  bubb le s .  The d i f f e rence  is  that  in one approach  [1, 2] the p r e s -  
su r e  in the gas  bubble  is  a lways  equal to the p r e s s u r e  in the l iquid,  and in the o the r  [3] the pu l sa t ion  of the 
bubbles  i s  given by the Lamb  equat ion.  The ca lcu la t ions  p r e s e n t e d  be low a r e  b a s e d  on I o r d a n s k i i ' s  equa-  
t ions  [3]. 

These  equat ions  in the  un id imens iona l  c a s e  have the f o r m  

, _ ( P - -  Po cOt &) " ~" -~xapu =0,  ~-~Ou + u -~xOU .j_ Pl .0p =0,cOx P=_P~ PT~2- ) ( l+k) - l '  

kj,-7= C ' 

P = Po, kj = kj0, / t  s = Rio when t = 0. (0.1) 

Here  p, p, and u a r e  the a v e r a g e d  dens i ty ,  p r e s s u r e ,  and ve loc iW of the p a r t i c l e  in the med ium and 
kj is  the vo lume concen t ra t ion  of gas  fo r  bubbles  of r a d i u s  Rj .  The fol lowing a s s u m p t i o n s  we re  made in 
the d e t e r m i n a t i o n  of s y s t e m  (0.1) in [3]: 

1. the c h a r a c t e r i s t i c  length  L of the  a v e r a g e  motion,  the  a ve r a ge  d i s t ance  l be tween  the bubbles ,  
and the r a d i u s  Rj of the bubbles  s a t i s fy  the inequa l i t i e s  L>>/>>Rj ; 

2o 

3. 
d ium ; 

4. 

nonsphe r i c i t y  of the bubbles  and the gas  m a s s  can be neg lec t ed ;  

the  equat ion of s t a t e  is  wr i t t en  in the acous t i c  a pp rox ima t ion  for  the l iquid component  of the  m e -  

the  in i t i a l  va lues  kj0, Rj0, and Po a r e  independent  of x. 
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Fig .  1 

By c o m p a r i s o n  with I o r d a n s k i i ' s  equat ions  we make one addi t ional  a s sump t ion  h e r e .  
t e r m  of the second  equat ion of (0.1) we omi t  the t e r m  

N 

j = l  

In the th i rd  

in the d e r i v a t i v e .  

1. We d e t e r m i n e  the ve loc i t y  of p ropaga t ion  for  s m a l l  p e r t u r b a t i o n s .  
hat ing the dens i ty ,  we obta in  

N 
t 02p 02p ~ t  kj~ 02 kj 

Co ~ or2 oz~ Po 07 ~ = O, 

o"- k j ~- ~ j kTo = ~[~ P a ?  = �9 0t2 k]o pORjo~ 

L i n e a r i z i n g  (0.1) and e l i m i -  

( 1 . 1 )  

Here  9j is  the na tu ra l  f r equency  of the bubble .  We seek  the so lu t ion  in the f o r m  

p = A e  i@t-mx), k j / k j o  = Bje  ~(~t'mx) . 

F r o m  (1.1) we e a s i l y  obta in  the fol lowing r e l a t i o n s h i p  for  the phase  ve loc i ty  of sound c2: 

N 

- -  - -  ~ - p-Tz:)-  c ~  c12 j = t  k0 

(1.2) 

Here  c 0 is  the sound ve loc i ty  in the l iquid  and c l i s  the  sound v e l o c i t y i n  the m e d i u m  acco rd ing  to the 
e q u i l i b r i u m  model  [1]. Thus,  (1.1) d e s c r i b e s  the mot ion with d i s p e r s i o n .  

With N ~ ~  and with the l i m i t  c o n v e r s i o n  in (1.2) we can wr i t e  

co oo 

,§176176 (f ) 
o o ( 1 . 3 )  

Here  k(R) is  the f r a c t i ona l  concen t ra t ion  of bubbles  of a p a r t i c u l a r  kind. The in t eg ra l  in (1.3) for  
function k(R) of the  f o r m  

(R / b)~ 
i + (n / b)~ 

where  b is  a s c a l e  a p p r o x i m a t i n g  the e x p e r i m e n t a l  bubble s ize  d i s t r i bu t i on  [4], can be d e t e r m i n e d .  

(1.4) 

In th is  
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case  the phase  ve loc i t y  is  

20 j c,? __ t -}- c~ t - -  (co / ~ (b))~ 
I1 , J ~ ~ t 10-~sec c2 e cl 2 t -[- (o) I ~ (b)) 4 

~5 f t5 2 Z5 J 

F ig .  2 Here  O(b) i s  the s ca l e  f requency .  

(~2 (b) = 
3ypo 
pob 2 )" (1.5) 

F i g u r e  1 shows the r e s u l t s  of ca l cu la t ing  the r e l a t i onsh ip  be tween  the phase  ve loc i ty  c 2 and the f r e -  
q u e n c y f  ( f = w / 2 7 r )  f r o m  Eq. (1.5) with the fol lowing in i t i a l  p a r a m e t e r s :  P0=l atm, T =1.4, k0=0.00025, 
0.00020,  and 0.00015 (curves  1, 2, and 3, r e s p e c t i v e l y ) .  The r e s u l t s  of [4] a r e  r e p r e s e n t e d  by e x p e r i -  
menta l  points  d e m a r c a t i n g  the reg ion  of s p r e a d  for  the e x p e r i m e n t a l  da ta .  Desp i te  the g r e a t  s p r e a d  of the 
e x p e r i m e n t a l  da ta  (this can p r e s u m a b l y  be a t t r i bu ted  to the i n s t ab i l i t y  of the concen t ra t ion ,  which v a r i e d  
in the range  0. 00015-0.  00025), it  i s  e a s y  to fol low the g e n e r a l  na tu re  of the v a r i a t i o n  of the phase  ve loc i ty  
with f r equency .  

The ca lcu la t ion  was c a r r i e d  out fo r  t h r e e  concen t r a t i ons  so that  a s p r e a d  of ca l cu l a t ed  va lues  c o r -  
r e spond ing  to the e x p e r i m e n t a l  s p r e a d  would be obta ined .  The sca l e  b was chosen  so that  the ca l cu la t ed  
da ta  f r o m  (1o 5) would a g r e e  with the e x p e r i m e n t a l  da ta  at the point  Cz= % (in F ig .  1 , f=80  kHz c o r r e s p o n d s  
to th is  point) .  The b r o k e n  l ine is  the ca l cu la t ed  r e l a t i o n s h i p  for  the ac tua l  phase  ve loc i ty  for  a m e d i u m  
composed  of equal  bubb les  with r a d i u s  B0= 0. 0055 cm, c o r r e s p o n d i n g  to the l a r g e s t  " p a r t i a l "  concen t ra t ion  
k 0 =0. 00015o The a g r e e m e n t  be tween ca l cu la t ed  c u r v e s  and e x p e r i m e n t a l  da ta  is  s a t i s f a c t o r y .  

F i g u r e  1 shows that  c~ ~ Co w h e n f  ~ ~ ;  with v e r y  long waves  ! f ~  0) the  m e d i u m  a t t a ins  e q u i l i b r i u m  
comple te ly ,  the  d i s p e r s i o n  d i s a p p e a r s ,  and c z ~ c 1 (when c0>>cl). 

F r o m  the obta ined r e s u l t  we can conclude that  (0.1) c o r r e s p o n d s  to a r e a l  flow of l iquid conta in ing 
gas  bubb le s .  

2. We make  some  e s t i m a t e s  of shock-wave  in t e r ac t ion  in a bubb le - con ta in ing  med ium.  To do th is  
we t r a n s f o r m  (0.1) by in t roduc ing  the fol lowing s i m p l i f i c a t i o n s :  

1. we r e g a r d  the  l iquid as  conta in ing  bubbles  of only one kind;  

2. we a s s u m e  that  c0=~;  

3. in the f i r s t ,  second,  and fourth equat ions  of (0.1) we omi t  the t e r m s  

Op Ou t ( d  R ) ~  
u-gb-' u ~ T '  ~ - ~ - ~ o  " 

As a r e s u l t  we obtain 

O~p._+ ~ 0 2 k d~ k 
Oz 2 P o X o ~  = 0 dt  2 ko 

3 I k \'~,/ / k \ - ~  p~. 
L pot, ) ) (2 .I) 

We in t roduce  the new symbo l s  

Y=:-~0 - \ ko ) ' ~ = p -  p~ ~ = ~ T  

R e g a r d i n g  x and y as  new independent  v a r i a b l e s ,  ~ and ~ ' a s  the r e q u i r e d  funct ions ,  and a s s u m i n g  
0 y / 0 x  and u s m a l l ,  we obta in  i n s t ead  of (2.1) 

0~ 18y a 7. 
Ox ~ -- Ro 2 Oy 

(2.2) 

The so lu t ion  of the  f i r s t  equat ion of (2.2) has  the f o r m  

(ako)% 
~ --- A (y) e -V-{~ -}- B ( y ) e  y ~  11= --R-Z-o ]" (2.3) 
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F o r  a spec i f i c  p r o b l e m  A and B can be d e t e r m i n e d ,  a f t e r  which subs t i tu t ion  of (2.3) in the second 
equat ion of (2.2) wil l  make  it p o s s i b l e  to d e t e r m i n e  ~ and, hence ,y( t ) .  

We c o n s i d e r  the fol lowing cases. ' .  

1o On a so l id  wall  t h e r e  is  a l a y e r  of t h i ckness  h of un i fo rmly  d i s t r i b u t e d  cav i ta t ion  bubbles  of i n i -  
t i a l  r ad iu s  t~ 0 at p r e s s u r e  P0- At t ime  t=0 a p r e s s u r e  P is  i n s t an taneous ly  impose d  on the l a y e r  boundary  
(x=h) and is  subsequen t ly  ma in t a ined .  We d e t e r m i n e  the p r e s s u r e  on the so l id  wal l .  

The boundary conditions for (2.3) are 

~ P - - p o  y--av 

a~ _ o 
811 

(3ko)V~h 
/b / '  

(~1 = % 

the l a s t  in view of s y m m e t r y .  

Then, on the so l id  wal l  we obta in  

P : P - e 2 V 'yn*  + p ~  t �9 
+ l + e ~" Y ~ *  

(2.4) 

To d e t e r m i n e  y we can use  the second equat ion of (2.2) in i ts  in i t ia l  f o rm  (Lamb equation) 

(2.5) 

F i g u r e  2 shows the r e s u l t  of ca l cu la t ion  of function p(t) for  P=100 P0 and ~*=3 f r o m  Eq. (2.4) and 
(2.5) .  Desp i t e  the fact  that  P = ]  a tm is  imposed  on the boundary ,  a p r e s s u r e  of s e v e r a l  tens  of a t m o s -  
p h e r e s  a r i s e s  on the wal l ,  as  F ig .  2 shows.  This  c o n f i r m s  the conclus ion  in [5] to the effect  that  co l l apse  
of the cav i t a t ion  bubbles  on the p lane  l eads  not only to e r o s i v e  damage  to the su r face ,  but a l so  to g e n e r a -  
t ion by  the bubb l e - con t a in ing  m e d i u m  of p r e s s u r e  p u l s e s  on the en t i r e  su r f a c e  of the wal l .  F i g u r e s  3 and 4 
show the  m a x i m u m  p r e s s u r e  p* {in arm) on the so l id  wall  and the m i n i m u m  r a d i u s  y* (in d i m e n s i o n l e s s  form)  
of the co l l apsed  bubble  as  funct ions  of ~?*, whe re  c u r v e s  1, 2, 3, 4 and 5 c o r r e s p o n d  to p0=0.33,  0 .5 ,  1, 
1 .4  and 10 (104 dyne/cruZ).  

The funct ion y* 07") p r a c t i c a l l y  d e t e r m i n e s  one of the ma in  p a r a m e t e r s  of pu l sa t ion  of the "co l l ec t ive"  
bubble  - t h e  d e g r e e  of c o m p r e s s i o n ;  the second  p a r a m e t e r  - t h e  c o l l a p s e  t ime  t* ( emis s ion  t ime  for  the 
f i r s t  pu l se  in F ig .  2) - i s  d e t e r m i n e d  by comple t e  l i n e a r i z a t i o n  of (2.2) and neg lec t  of the p r e s s u r e  ins ide  
the  bubble  

/ P0 V/ '2e ,2  . t * = O . 7 5 5 R o ~ - - ~ - )  ' "* (2.6) 

The a g r e e m e n t  be tween  the va lues  of t* ca l cu l a t ed  f r o m  Eq. (2.6) and obta ined by  n u m e r i c a l  so lu t ion  
of (2.2) is  p e r f e c t l y  s a t i s f a c t o r y .  

6o z ~ \ 
\ 

s0 

0 Z r 

# 

8 2 # 6 
G 

Fig .  3 F ig .  4 
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Fig .  5 

r e s u l t s  a r e  shown in F ig .  6. 

2. In the ca se  c o n s i d e r e d  the so l id  wal l  can be r e p l a c e d  by an 
i n c o m p r e s s i b l e  l iquid,  and the p r e s s u r e  on the f ront  boundary  can be  
spec i f i ed  as  P(t) [or  P(y) in the new v a r i a b l e s ] .  The so lu t ion  of (2.2) 
is  given,  as  be fo re ,  by Eq. (2.4) and (2.5).  

F i g u r e  5 shows ca lcu la t ion  r e s u l t s  for  the  shape  of the  p r e s s u r e  
wave in the med ium at the bounda ry  of the i n c o m p r e s s i b l e  l iquid for  
bubble  l a y e r s  of length x=0, 1, 2, and 3 cm,  r e s p e c t i v e l y ,  and gas  
concen t ra t ion  k0=0.08.  The f o r m  of p(t) in F ig .  5 at x=0 g ives  the 
fo rm of the in i t ia l  shock wave (on the f ront  boundary)  with the fol lowing 
p a r a m e t e r s :  m a x i m u m  ampl i tude  - 10 a tm,  t ime  of pos i t ive  p r e s s u r e  
phase  - 10 -4 sec .  

With t hese  p a r a m e t e r s  we c a r r i e d  out an e x p e r i m e n t  on shock-  
wave i n t e r ac t i on  with a bubb le - con ta in ing  med ium.  The e x p e r i m e n t a l  

The f r a m e s  in F ig .  6 c o r r e s p o n d  (as in F ig .  5) to the va lues  x=0, 1, 2, 3 cm 
in descend ing  o r d e r .  A c o m p a r i s o n  of F i g s .  5 and 6 r e v e a l s  that  (2.2) quite s a t i s f a c t o r i l y  d e s c r i b e s  the 
na tu r e  of the i n t e r ac t i on  and t a k e s  into account  the  ma in  f a c t o r s :  s t r a t i f i c a t i o n  of the shock wave and t r a n s -  
m i s s i o n  of ene rgy  to the  e m i s s i o n  of the bubb le -con ta in ing  med ium.  

Equat ion (2.4) for  the p r e s s u r e  in the  bubb le - con ta in ing  med ium ind i ca t e s  that  the s u p e r s c r i p t  

~1" - -  (3k~ .~- a ( R o ) h  (2.7) 
R0 cz 

p l ays  the  ro l e  of s i m i l a r i t y  c r i t e r i o n .  By changing k 0, R 0' and h within a f ixed ~?* we obta in  the s a m e  r e -  
sul t .  This  s i m i l a r i t y  was  con f i rmed  e x p e r i m e n t a l l y .  In fact ,  when t=0,  y = l  and Eq. (2.4) g ives  the  
ampl i tude  of the shock wave p a s s i n g  through the given l a y e r .  

F i g u r e  7 shows the r e l a t i o n s h i p  be tween  p0=(p_p0) /P( t )  for  t=0 and 7*, which wil l  be u n i v e r s a l  and 
independent  of P when P>>P0. On the g raph  we have p lo t ted  the e x p e r i m e n t a l  da ta  for  P~ fo r  d i f fe ren t  
in i t i a l  gas  concen t r a t i ons  k 0 in the med ium:  1) 0 .004;  2) 0 .02 ;  3) 0 .06 ;  4) 0 .08 ;  5) 0 .10 ;  6) 0 .15 .  The 
a g r e e m e n t  is  p e r f e c t l y  s a t i s f a c t o r y .  

3. The coef f i c ien t s  in Eq. (2.3) can a l so  be d e t e r m i n e d  fo r  a s e m i - i n f i n i t e  bubb le -con ta in ing  med ium 
on the a s sumpt ion  of a bounded so lu t ion  at inf ini ty .  In th is  case ,  i n s t ead  of  (2.4),  we have 

p = - p e - V ~  5 poy-~Y ( f  - -  e - ' z  ~ ) .  (2 ~ 

F ig .  6 
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For  a shock wave of t r i a n g u l a r  prof i le  with m a x i m u m  ampli tude 20 arm and with t ime  of posi t ive  
p r e s s u r e  phase 10 -4 sec for k 0 =0. 002 and t? 0 =0.4 cm, we made a ca lcula t ion  f rom (2.8). The calcula t ion 
r e su l t s  (curves 1-9) for the p r e s s u r e  d i s t r ibu t ion  (in atm) in the med ium for va r ious  fixed ins tan ts  (1) 1 .4 ;  
2) 2 .5 ;  3) 3 .3 ;  4) 4 . 4 ;  5) 5 .8 ;  6) 22 :7 ;  7) 32 .9 ;  8) 39 .1 ;  9) 46.1 [10 .4 ] sec) are  shown in Fig.  8. The 
f igure  shows that a wave with an ampli tude which d e c r e a s e s  exponent ia l ly  with t ime  is propagated with 
va r i ab le  veloci ty  through the medium.  

After  some t ime  (due to the fact that the bubbles  continue to pulsate) a c o m p r e s s i o n  wave a r i s e s  again 
in the in i t ia l  l a y e r s  and is again propagated ins ide  the l aye r .  

3. The sys t em of motion equat ions for a l iquid containing gas bubbles  can be wr i t t en  in a form dif-  
f e ren t  f rom (0.1): The Lamb equation can be replaced by the e n e r g y - c o n s e r v a t i o n  equation. The l a t t e r  can 
be obtained f rom s imple  physical  ideas of the na tu re  of the c o m p r e s s i o n - w a v e  in te rac t ion  with the bubble -  
conta in ing medium.  It is obvious that dur ing  propagat ion the wave mus t  expend energy  on a l t e ra t ion  of the 
in te rna l  energy  E n of the gas and the kinet ic  ene rgy  T n of the l iquid due to the pulsat ing bubbles .  We a s -  
sume in this case  that the change in the in te rna l  and kinet ic  energy  of the liquid component  is  smal l .  

The change in energy  per  unit  volume of the med ium can then be wr i t ten  as 

a p u  d t  = - -  ( T  n -[- E n )  E n  = ~ Po d k  
Ox 

o Ir 

(3.1) 

The b racke t s  contain the exp res s ion  for  the i n t e r n a l - e n e r g y  change E n of the gas per  unit  volume on 
the assumpt ion  that there  are  bubbles  of only one kind and the i r  n u m b e r  n per  unit  volume of the i n c o m p r e s s -  
ible l iquid is cons tan t ;  for the change in kinet ic  energy  we have 

T n ~ 3l~Pok ( d R  / d t )  2 (k = n4/=xRs). 
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On the other  hand, the f i r s t  in tegra l  in the 
bubb le -pu l sa t ion  equation exp re s se s  the energy b a l -  
ance 

k 

3 , / d R ~  ~ C f k o  v 
dk + S o. (3.2) 

Substi tuting the express ion  - -  S p d k  

k~ 

f rom (3.2) 

Fig.  7 
in place of (T n + E n) in (3.1) and changing the va r i ab l e s ,  
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we obta in  

0 (pu) dk 
cqx ~ p dt  (s. 3) 

The use  of Eq. (3.3) ins tead  of the Lamb equat ion of Eq. (O. 1) l eads  to a s y s t e m  of f i r s t - o r d e r  equa-  
t ions .  

The inves t iga t ion  of the ene rge t i c  va r i a n t  of the model  of a bubb le - con ta in ing  med ium was  c a r r i e d  
out in c o l l a b o r a t i o n  with 1~. I. Soloukhin. 

The au thor  e x p r e s s e s  his thanks to R. I. Sotoukhin and V. F .  Minin fo r  p r o p o s i n g  the c o n s i d e r e d  
p r o b l e m ,  and to L.  u  Ovsyannikov,  B. M. Gar ipov,  and G. M. P igo lk in  for  i n t e r e s t  in the work  and u s e -  
ful c o m m e n t s .  
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